Abstract. On a reduced complex space X, weakly holomorphic 1-forms are holomorphic 1-forms on the regular part Xreg that extend holomorphically across the exceptional set of a resolution of singularities of X. We show that if the sheaf of germs of weakly holomorphic 1-forms on X is locally free, then X is smooth.
Introduction
Let X be a reduced complex space. We say that a holomorphic 1-form ϕ on X reg is weakly holomorphic if there is a resolution of singularities π :X → X, with X smooth, such that π * ϕ extends holomorphically across the exceptional set. By [Gri76] , ϕ is weakly holomorphic if and only if ϕ ∧φ is locally integrable on any holomorphic curve C ⊂ X not contained in X sing . We will denote the sheaf of germs of weakly holomorphic 1-forms byΩ 1 X ; thusΩ 1 X = π * Ω 1 X , which in particular shows thatΩ 1 X is coherent. The purpose of this note is to show Theorem 1.1. X is smooth if and only ifΩ 1 X is a locally free O X -module. The only if-part is of course trivial. Our contribution is the observation that if Ω 1 X is locally free, then X is normal and the tangent sheaf, T X , is locally free. That X then is smooth follows by an argument of van Straten and Steenbrink, [vSS85] , elaborated by Greb, Kebekus, Kovács, and Peternell, [GKKP] which we outline for completeness. Theorem 1.1 is inspired by the Lipman-Zariski conjecture, [Lip65] , which states that X is smooth if and only if T X is locally free. Lipman [Lip65] showed that if T X is locally free, then X is at least normal. The conjecture has been proved assuming a priori, e. g., that codim X X sing ≥ 3 or that X is a klt space, see [vSS85] , [Fle88] , [GKKP] , and the references therein.
On a normal space the Lipman-Zariski conjecture may be reformulated in terms of differential forms. To do it we first recall the sheaf ω 1 X introduced by Barlet, [Bar78], on any reduced pure-dimensional space X. It may be defined as the sheaf of germs of meromorphic 1-forms on X that are∂-closed considered as principal value currents, see, e. g., [Sam15] . Sections of ω 1 X over U \ A, where U ⊂ X is open and A ⊂ U is analytic set with codim U A ≥ 2, extend across A and, moreover, ω 1 X is always torsion free, see [Bar78] . It follows that ω 1 X is reflexive if X is normal. Hence, T * X ≃ ω 1 X if X is normal. Therefore, since T X is reflexive (as the dual of the Kähler differentials), on a normal space X, the Lipman-Zariski conjecture is equivalent to the statement that X is smooth if and only if ω 1 X is locally free. In view of Theorem 1.1, the Lipman-Zariski conjecture follows for spaces X such thatΩ 1 X ≃ ω 1 X . In general,Ω 1 X ω 1 X and the quotient ω 1 X /Ω 1 X is related to the s (1) -invariant, see [Yau82] , of isolated singularities. However, Flenner's result, [Fle88] , implies thatΩ 1 X = ω 1 X if X is normal and codim X X sing ≥ 3. If X has klt singularities, thenΩ 1 X = ω 1 X as well, see [GKKP] . Moreover, Pinkham and Wahl have shown that this equality also holds if X is a surface with rational singularities, see, e. g., [Pin80, Appendix] , cf. also [Wah75] . We remark that this last result does not hold in general in positive characteristic. Inspired by Pinkham, [Pin80, Proposition 1, Appendix], we get a sufficient cohomological condition ensuring the equalityΩ 1 X = ω 1 X , see Proposition 2.2 below, and we conclude the following corollary of Theorem 1.1. Corollary 1.2. Let X be a reduced Stein space and M → X a resolution of singularities with exceptional divisor E having normal crossings. If ω 1 X is locally free and
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Proofs
A crucial ingredient of the proof of Theorem 1.1 is the following proposition which generalizes a result by the second author in [Ser16, Sect. 4]:
Proposition 2.1. If E is a locally free sheaf of positive rank on a reduced complex space X such that there exist a proper modification π : Z → X with Z normal and a coherent analytic sheaf F with π * F ≃ E , then X is normal.
Proof. We only need to prove that X is locally irreducible. That X is normal then follows from [Ser16, Theorem 4.6].
Let x ∈ X sing and assume to get a contradiction that X is reducible at x. Then, there is a connected neighbourhood U of x and a decomposition of U in irreducible components U 1 ,..., U m , m ≥ 2. Since Z is normal, the preimages
U → π * F V be the composition of these isomorphisms. Consider e 1 := (1 0 ... 0) T ∈ O r (U ) and g := Φ(e 1 ) ∈ π * F (U ) = F (V ). We denote the restriction of g to V i byg i ∈ F (V i ). Let g i ∈ F (V ) be the trivial extension ofg i , which is well defined since all V i and V \ V i are disjoint, open and closed. Then, g = g i and, in particular, e 1 = Φ −1 (g i ). We obtain Φ −1 (g 1 ) is e 1 on U 1 \ X sing and 0 on the other irreducible components. This contradicts the fact that Φ −1 (g 1 ) ∈ O r (U ) is a holomorphic function on the connected U .
When X is normal, a coherent analytic sheaf S is reflexive if and only if S is torsion-free and sections of S extend across analytic sets of codimension at least 2. In particular, every section of a reflexive sheaf on the regular part of X extends across the singular set.
Proof of Theorem 1.1. As already mentioned, we of course only need to prove that local freeness ofΩ X implies X is smooth: SinceΩ 1 X = π * Ω M , Proposition 2.1 gives that X is normal. Let X reg denote the regular part on X. Using the definition, we get that T Xreg ≃ (Ω 1 X ) * Xreg . Since T X is reflexive, this isomorphism extends across the singular set and so, T X is locally free.
With T X andΩ 1 X locally free, we obtain the smoothness of X in the same way as in the proof of Theorem 6.1 in [GKKP] :
To get a contradiction we assume that X is not smooth. There exists a resolution of singularities, π : M := R(X) → X with smooth normal crossing exceptional divisor. We may assume that π is functorial with respect to smooth morphisms (flat submersions), see, e. g., Theorem 3.45 in [Kol07] . The functorial property means that if f : X → Y is a smooth morphism, then we can lift f to the resolutions, i. e., there exists a smooth morphism R(f ) :
. Let E denote the exceptional divisor of π which is not empty (since X is not smooth). We may assume that there is a frame of sections θ 1 ,..., θ n which generates T X on X. Since the singular set of X is invariant under any (local) automorphism and π is functorial, Corollary 4.7 in [GKK] gives us
where T M (− log E) denotes the logarithmic tangent sheaf (i. e., vector fields which are tangent to E in smooth points of E; T M (− log E) is the dual of the logarithmic differential forms Ω(log E)). Hence, (we are in the special situation that) we may lift the vector fields θ i to logarithmic vector fields
These equalities extend to E by continuity. In particular,θ 1 (p),...,θ n (p) are linear independent for every point p ∈ E. We obtain a contradiction since allθ i (p) are in T p E (because of (2.1)) with dim T p E = n − 1 for p ∈ E reg . Corollary 1.2 follows from Theorem 1.1 and the following proposition which is a generalization of a result of Pinkham (see [Pin80, Proposition 1, Appendix]).
Proposition 2.2. Let X be a reduced Stein space, π : M → X a resolution of singularities with E as exceptional divisor having normal crossings. If
Thereby, Ω 1 M (logE) denotes the logarithmic differential forms and
2). Additionally, J. Wahl proved that if X is a surface with rational singularities, then (2.2) is satisfied, too (see [Pin80, Appendix] , cf. also [Wah75] ).
Proof. As first step, we will prove that the inclusion
gives us a long exact sequence of cohomology whose first H 1 -term vanishes by our assumption (2.2). Hence, the restriction map
is surjective. Since it is already an inclusion of sets, we get
Let us consider a point p in M and coordinates x 1 ,..., x n of M on a neighbourhood of p such that E = {x 1 ·...·x τ = 0}. Then dx 1 /x 1 ,..., dx τ /x τ and dx τ +1 ,..., dx n give us a basis of
We obtain the following chain of inclusions, which then have to be equalities:
As second step, we want to use the global extension property proven in the first step to obtain the local extension: Since ω 1 X is coherent and X is Stein, Cartan's Theorem A implies that there exists an epimorphism of sheaves
(on the whole X) given by sections ϕ 1 ,..., ϕ N ∈ ω 1 X (X) ⊂ H 0 (M * , Ω 1 M ). In the first step, we proved that ϕ i can be extended to sections in
X,p , then there exist holomorphic germs f 1,p ,..., f N,p ∈ O X,p such that η p = p i=1 f i,p ϕ i,p . Since ϕ i,p ∈Ω 1 X,p , we get that η p can be considered as a germ ofΩ 1 X,p .
We conclude this work with a remark on the proof of Proposition 2.2. If codim X sing is at least 2, then ω 1 X = i * Ω 1 Xreg [Bar78, end of Section 2] (where i : X reg ֒→ X). This is not correct for codim X sing = 1 in general. Anyhow, if we assume that i * Ω 1
Xreg is coherent, then we obtain with a simple adaption of the second step in the proof of Proposition 2.2 above. Alternatively, we can replace the assumption that i * Ω 1 Xreg is coherent (and X is Stein) by the condition that (2.2) is satisfied for all preimages under π of small enough open sets in X. Then, we obtain (2.4) as well by using the first step of the proof of Proposition 2.2 only.
